In supersymmetric models, very heavy stop squarks introduce large logarithms into the computation of the Higgs boson mass. Although it has long been known that in simple cases these logs can be resummed using effective field theory techniques, it is technically easier to use fixedorder formulas, and many public codes implement the latter. We calculate three-and four-loop next-to-next-to-leading-log corrections to the Higgs mass and compare the fixed order formulas numerically to the resummation results in order to estimate the range of supersymmetry scales where the fixed-order results are reliable. We find that the four-loop result may be accurate up to a few tens of TeV. We confirm an accidental cancellation between different three-loop terms, first observed in [19] , and show that it persists to higher scales and becomes more effective with the inclusion of higher radiative corrections. Existing partial three-loop calculations that include only one of the two cancelling terms may overestimate the Higgs mass. We give analytic expressions for the three-and four-loop corrections in terms of Standard Model parameters and provide a complete dictionary for translating parameters between the SM and the MSSM and the MS and DR renormalization schemes.
I. INTRODUCTION
The discovery of the Higgs boson at the LHC by the ATLAS and CMS collaborations [1, 2] is a landmark achievement in high-energy physics. Combining the h → ZZ, γγ decay channels, using ≈ 5 fb −1 of data at √ s = 7 TeV and ≈ 20 fb −1 of data at √ s = 8 TeV, the Higgs boson mass is measured to be [3, 4] ATLAS: 125.5 ± 0.2
CMS: 125.7 ± 0.3 ± 0.3 GeV,
where the quoted uncertainties are statistical and systematic, respectively.
It is by now well known that a variety of supersymmetric models can accommodate the observed Higgs mass and Standard Model (SM)-like couplings [5] . One of the simplest possibilities for supersymmetry (SUSY) is that the Higgs boson is the lightest CP -even state h in the minimal supersymmetric Standard Model (MSSM), and its mass, which is bounded at tree level by m Z , receives large radiative corrections from heavy stop squarks. Exactly how heavy the stop squarks should be is a function of other model parameters, but if they are fixed, then the stop scale can be predicted. Since heavy-stop models are well motivated, it is of considerable interest to make the predictions precise, particularly in a handful of benchmark models. The stop mass scales in these benchmarks provide interesting targets for future experimental programs.
Various methods have been employed to compute the Higgs mass to high precision in the MSSM. Broadly, the calculations fall into two categories: fixed-order computations in the full MSSM, and resummed (renormalization group or "RG") analyses in effective theories.
Examples of fixed-order computations include the "diagrammatic" method and the effective potential method. In the former, the renormalized self-energies appearing in the Higgs propagator matrix are evaluated from the complete set of Feynman diagrams up to a fixed-loop order [6] [7] [8] . In the latter, radiative corrections to the Higgs masses are computed from derivatives of the MSSM potential V (H 1 , H 2 ) evaluated at the vacuum expectation values (vev) H 1 = v 1 , H 2 = v 2 [9] [10] [11] [12] [13] . The effective potential result is obtained from the diagrammatic calculation in the zero external momentum approximation. Fixed-order computations have the virtue of being easily incorporated into numerical codes that accept arbitrary MSSM spectra, and have now been computed up to partial three-loop order [19] [20] [21] [22] .
Effective field theory (EFT) analyses proceed by integrating out MSSM particles at their thresholds, running the effective theory couplings (most importantly the Higgs potential quartic couplings) down to the electroweak scale, and evaluating the Higgs pole mass or its effective potential approximation in the effective theory [14] [15] [16] [17] [18] . This technique is most efficient in "simplified models," where the MSSM decoupling can be performed at one or two scales, and below those scales the effective theory reduces to the SM. In the simplest case ("High-Scale SUSY"), the entire MSSM, including the second Higgs doublet, is decoupled simultaneously at a characteristic SUSY scale M S . Calculations have been performed in this model using three-loop SM β functions for the most important couplings [23] . Furthermore, EFT methods may be used to obtain fixed-order formulas for the Higgs mass, by solving the RG equations analytically and perturbatively instead of numerically.
For low SUSY scales, where logarithmic radiative corrections are of size similar to the nonlogarithmic corrections, fixed-order computations are expected to be the most accurate, since they typically include a larger set of nonlogarithmic terms. For very high SUSY scales, the logs become large and fixed-order calculations break down, while EFT calculations remain trustworthy since they resum infinitely many large-log terms. For intermediate scales, where the logs are large enough to dominate but the perturbative series still exhibits converging behavior, one would expect both calculations to be valid, particularly if the fixed-order calculation is performed to high enough loop order.
One need only perform crude estimates to recognize that all three ranges of M S can be accessed by the benchmark heavy-stop models. Since most public codes utilize fixed order estimates for the Higgs mass, it is critical to understand the parameter regimes in which these estimates are trustworthy. The range of validity depends on the loop order, and for low orders can also depend strongly on the choice of renormalization scale.
In this paper, we compare fixed-order and resummed calculations in the cases of highscale SUSY and a similar "electrosplit" model where the Higgsinos and electroweak gauginos are allowed to be light 1 . By matching the MSSM onto the SM with two-loop threshold corrections and perturbatively solving the SM renormalization group equations (RGEs), we obtain three-and four-loop fixed-order formulas for m h that include terms through next-to-next-to-leading-log in the dominant couplings. We analyze the regimes of validity for these formulas and the impact of the higher-order corrections on the m h → M S prediction. We observe that convergence is better when couplings are evaluated at a renormalization scale equal to the SUSY scale rather than at the top quark mass, and that four-loop results fall within 0.5-1 GeV of the resummed calculation to scales of order a few tens of TeV. Solving the RGEs numerically, for example at benchmark points with large tan β and small mixing in the stop sector, we find M S ≈ 18 ± 6 TeV and M S ≈ 7 ± 2 TeV for the heavy and light electroweakino cases, respectively. This result is in some tension with the results of [22] .
The discrepancy may be due in part to a cancellation between three-loop terms at order α 2 s α t and α 2 t α s , first noticed in [19] ; the α 2 t α s terms are absent from the calculation of [22] . We demonstrate that the cancellation persists at much higher SUSY scales than considered in [19] and becomes even more effective with the inclusion of higher-order corrections.
In addition to our quantitative results, we attempt to provide a contained dictionary for the translation of the parameters entering into the radiative corrections between different renormalization schemes and theories, so that our three-and four-loop NNLL formulas can be used in existing two-loop public codes. Although we consider models with only one or two decoupling scales, these capture the most significant higher-order corrections, and the formulas should give good approximations for more generic spectra. This paper is organized as follows. In Sec. II, we outline the matching procedure at the high scale M S and enumerate the threshold corrections to the running parameters. In Sec. III, we give a brief overview of the renormalization group evolution in the SM and describe the perturbative solution that generates fixed-order analytic expressions for the radiative corrections to the Higgs mass. Readers interested primarily in final expressions can jump to Sec. IV, where we present the fixed-order formulas for m h . In this section we also compare the fixed-order estimates to the integration of the RGEs in benchmark models with small and large stop mixing and electroweakino masses. We study the three-and four-loop contributions in detail. In Section V, we conclude. Supporting technical details relevant to Sections II and III, including parameter conversion between the MSSM DR and SM MS schemes, are collected in appendices.
II. INTEGRATING OUT THE HEAVY PARTICLES
We begin with an overview of the threshold corrections to the running SM parameters in the MS scheme, obtained by integrating out the MSSM at a scale M S . For the Higgs quartic coupling, we include one-loop gauge, Higgs, and third generation Yukawa corrections, as well as two-loop corrections controlled by the top Yukawa and strong gauge coupling. We pay particular attention to terms arising from changing the renormalization scheme from DR in the MSSM to MS.
The quartic coupling in the MSSM is determined at leading order by the D-terms,
where, in this section, we use the notation λ ≡ λ MSSM (M S ) for the MSSM quartic coupling in the MS scheme at Q = M S and c β = cos β, s β = sin β, and From [15, 18] , we include the most relevant one-loop corrections that include terms from decoupling stops, sbottoms, and staus:
where
and following the notation of [19] , we keep track of loop order via κ = 1/(16π 2 ). Note that the parameters on the right-hand sides of these equations are MS running couplings evaluated at M S . At tree level, the MSSM Yukawa couplings are related to the SM Yukawa couplings by
however, these couplings are modified at one-loop order at M S by [24, 25] :
We have borrowed the notation of [12] , with the constant K, parameter Y t , and functions f i defined as
and the dilogarithm function Li 2 is
We will be interested in the limits of the f i asμ → 0 or 1, with
Finally, we include one-loop threshold corrections from converting the tree-level quartic coupling from the DR to the MS scheme and those from the heavy Higgs bosons, which are taken from [26] :
Our final expression for λ MSSM (M S ) to which we match the SM running quartic coupling is
III. RUNNING THE SM DOWN FROM M S
Once the heavy sparticles have been integrated out, the SM parameters can be run down to the electroweak scale and the spectrum computed. The β-function β λ = dλ dt for a generic running coupling λ can be written as
We will also use the shorthand β
. We will denote Q as the high scale, and we
Integrating from t tot, we find
Alternatively, we can expand the beta-function coefficients β
To see the equivalence with Eq. (38), we can evolve the beta-function coefficients β
down to the low scale β (n,k) λ (t) using the same expansion as in Eq. (36) . The effect on the beta-functions in Eq. (38) is to remove the tildes and make all the leading signs negative, which agrees with Eq. (39).
Parameter β-function order, resummation β-function order, fixed-order
TABLE I. Orders of the β-functions of SM parameters used in solving the RGEs in the resummation and fixed-order methods. The second digit of the 2-tuple in the fixed-order column indicates at which order electroweak, bottom, and tau contributions are included. See section IV for more details on the fixed-order calculation. The β-functions are taken from [27] , and we have checked them to 2-loop order against [39] with corrections in [40] .
We use two different methods to perform the renormalization group running. The most precise approach is to numerically integrate the coupled SM MS RGEs between Q = M t and Q = M S for the seven parameters g 3 , g 2 , g 1 , y t , y b , y τ , λ, with g 1 = 5/3g Y the SM hypercharge coupling expressed in the SU (5) normalization. In the middle column of Table I we indicate the order of β-function used for each coupling. Observables and electroweak scale boundary values for the SM parameters are taken from Tables 2 and 3 of [27] . We reproduce the observables and the parameters g 2 , g 1 , y b , and y τ in Tables II and III . The next-to-nextto-leading-order (NNLO) values of g 3 and y t are given in terms of the observables M t and α s (M Z ) in [27] , to which we refer the reader for further details:
We note that the central value for y t (M t ) quoted here includes the N 3 LO pure QCD contribution. The value of λ(M t ) is determined by beginning with the approximate value of λ(M t ) corresponding to the Higgs pole mass M h ∼ 125.6 GeV. The numerical integration yields a valueλ(M S ). This is compared to Eq. (35) from Section II, which is determined by the other couplings at M S . If the difference exceeds a specified tolerance, the starting value λ(M t ) is appropriately adjusted. This procedure is iterated until convergence is achieved.
We find that for a tolerance of 10 −6 , about 10 iterations are required. Table 2 of [27] .
The second method is to solve the RGEs perturbatively around a reference scale. The result is a fixed-order expression. We take two values for the renormalization scale in this approach, Q = M S and Q = M t . Since we know β λ up to the three-loop level, we can write an expansion up to four-loop order excluding only the four-loop N 3 LL terms, which we expect are small for large M S :
Note that the derivatives β 
IV. FIXED-ORDER RESULT AND COMPARISON TO RESUMMATION
In this section we present approximate three and four-loop NNLL fixed-order formulas for m h and compare to the result of numerical resummation.
The running Higgs mass at M t is given by
We use one-loop running to obtain v(M t ) = 246.517 GeV from v(M Z ) ∼ V (see Table II ).
The logarithmic factors are L = log(M S /M t ) and L µ = log(M S /µ) (note that the latter also includes logs of the form log(M S /M 1,2 )). Below, all parameters are in the MS scheme and should be evaluated at Q = M S :
and + 4g 
To simplify the expression, we have excluded the y b , y τ contributions beyond one-loop order, and g 1 , g 2 contributions beyond two-loop order, although they propagate at higher orders in terms that include β
yt .
We use two different calculations of the values of the SM parameters at the renormalization scale Q = M S . In the simpler, approximate calculation, using Eq. (39), g 3 (M S ) and y t (M S ) are computed from g 3 (M t ) and y t (M t ) using two-and three-loop fixed-order formulae, respectively:
Parameters on the right-hand sides of Eqs. (49) and (50) only, we perform a one-loop fixed-order running with couplings at M t to approximate y b and y τ at M S :
In the tree-level λ tree (Eq. (3)) of the zeroth-order λ(M S ), i.e. the first term on the right-hand side of Eq. (44), we have also approximated g 1 and g 2 at M S using a one-loop fixed-order running:
Elsewhere in the calculation for λ(M S ) and in Eqs. (45-48), we use the Q = M t values for
To convert the running mass into the pole mass, we use the one-loop formula
where B 0 is the one-loop Passarino-Veltman integral
and all quantities appearing at one-loop are MS running parameters with Q = M t . This correction is a small effect, of order 0.5 GeV.
Together with the threshold corrections given in Sec. II, Eqs. As mentioned above, we have also performed a second fixed-order calculation, differing in the values taken for the running parameters at Q = M S . In the second case, we use the exact running parameters, amounting to a hybrid calculation, since they are extracted from the same numerical integration algorithm used to perform the fully resummed computation of m h . The results for the two scenarios above are shown in Fig. 3 . As should be expected, the analytic approximation now converges monotonically to the resummed result, and the fourloop result remains within 0.5 GeV of the resummed result for both µ = M S and µ = 200
GeV in both scenarios. The difference between the resummed and three-loop results is roughly 2 to 3 times greater, between 1.2 and 1.5 GeV. From these plots we conclude that the four-loop NNLL result with Q = M S is equal to the resummed result, within the current top mass uncertainties, for M S as large as tens of TeV. Unsurprisingly, the three-loop result diverges more rapidly, and underestimates the Higgs mass in the case Q = M S .
On the other hand, it is also possible to overestimate corrections to the Higgs mass by considering only a subset of the three-loop terms. This is due to a striking accidental cancellation at leading log in δ 3 λ (δ 4 λ) between leading g (48). We note that the cancellation persists to a lesser degree at each subleading log order in L k . The cancellation at leading log was first noted in [19] , the result of which we extend to higher values of M S and improve by including subleading log corrections. Our result is exhibited in Fig. 4 . Although the individual contributions to the radiative corrections are about 50% larger in magnitude than was found in [19] , our cancellation is more efficient, in part because we are using higher values for M t and M h and have included subleading log orders. We can also plot the Higgs mass as a function of the normalized stop mixing parameter X t , fixing the scale M S , tan β, and µ. This is shown in Fig. 6 , where we have chosen tan β = 20, µ = 200 GeV, and plotted three curves for M S = 1, 2, 4 TeV. The asymmetry in X t , which was noted in [18] and [12] , is due to the odd powers of X t in the O(α s α t ) threshold correction to λ MSSM (M S ), Eq. (24) . For large tan β and M S = 1 TeV, it is possible to obtain M h = 125.6 GeV with X t > 0 and near the maximal value. For M S = 2 TeV, we require | X t | ∼ 1.5 TeV. We note that even for M S = 4 TeV, M h = 125.6 GeV is not achieved for zero mixing, which was also shown in the top-left plot of Fig. 5 .
Lastly, we comment on some comparisons with existing calculations. We have generally presented Higgs masses which are lower than those computed by, e.g. CPSuperH [29] ,
FeynHiggs [30] , SoftSUSY [31] , SPheno [32] , and H3M [21] for M S ∼ 1 TeV. There are three differences between the calculations. First, we have used the NNLO value of y t , which leads to a running top quark mass m t (m t ) that is 2 GeV lower than the NLO value.
Second, the electroweak running of y t has a large effect, since the g 2 2 contribution to β (1) yt is about 10% that of the g 2 3 contribution. Since y t appears to the fourth power in both the one-loop β (1) λ and threshold corrections to λ MSSM , these differences are significant. At higher scales, the running of g 1 , g 2 in the tree-level λ MSSM (M S ) will also result in a lower Higgs mass. Together, these three effects can lead to disagreements of the order of a few GeV in M h from other approaches. We acknowledge that our calculation may still be missing important nonleading-log corrections.
V. CONCLUSION
In this work we have presented three-and four-loop next-to-next-to-leading-log corrections to the lightest Higgs boson mass in the MSSM, in the approximation where the other MSSM scalars and gluino are heavy and controlled by a common scale M S . We have compared the fixed-order result to the full resummation method for computing the Higgs mass and found that our four-loop formula with renormalization scale Q = M S is accurate up to scales of order a few tens of TeV. Using lower-loop truncations or the renormalization scale Q = M t leads to worse agreement with the more accurate resummed result. We also revisit a known accidental cancellation that appears in the three-and four-loop terms and conclude that partial three-loop results may overestimate the Higgs mass by a few GeV at large M S due to the absence of some of the cancelling terms. Our results include relevant corrections that were not present in previous calculations and become relevant when one computes the Higgs mass with greater precision at higher SUSY scales. In fact, even for M S ∼ 1 TeV, we find that these lower the Higgs mass by 2-4 GeV depending on the parameters of the stop sector. This has important implications for the definition of the soft supersymmetric breaking parameters in different SUSY scenarios.
Note Added
While we were finishing this work, Ref. [33] appeared that deals with similar issues in the diagrammatic approach. In their analysis, the three coupled SM RGE's for y t , g 3 , and λ were numerically integrated from M S to m t , with the values mg = 1.6 TeV, µ = M 2 = 1 TeV, and tan β = 10 for the MSSM parameters. Our results agree for values of 1 ≤ M S ≤ 1.5 TeV; however, in the case of maximal mixing, we do not reproduce the steep positive slope in the upper plot of Fig. 1 of [33] . Further investigation is needed to resolve this discrepancy.
and the parameters in the one-loop corrections are actually scheme independent in our approximation, as any corrections would be of higher order. Using these two equations with y t =h t s β ,g 3 = g 3 , and X t / M S = X t /M S ≡ X t to leading order, we can derive the relation between the top quark mass in the DR and MS schemes at Q = M S :
To convert this expression into a relation between Yukawa couplings, we use
so that The result for the top quark Yukawa at Q = M S can be checked with the expression found in [19] , for which we obtain, in Martin's notation, [20, 21, 41] . We use the expressions for the three-loop β functions for g 3 , y t , λ from [27] , which also contains references to their computations.
When comparing the β functions in these references, one must be careful of conventions for λ and v. We have adopted those of [39] , with a Higgs potential of the form
and a Higgs doublet in the broken phase of the form
For the case m A ∼ M S , we include here the SM MS β functions for λ, g 3 , y t used in the fixed-order computation for performing the RG running between Q = M t and Q = M S . We include y b , y τ , g 2 , and g 1 only in β
X , for X = g 3 , λ. We have assumed that the electroweak couplings do not run. The one-loop electroweakino contribution to β λ is denoted by β − 4g 
